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Application of the Weinberg’s conditions of asymptotic safety to amplitudes and not to couplings
of the effective action can help to uniquely define the running in the UV and avoid some of the
asymptotic safety program problems. The idea is illustrated by the 4-graviton amplitude in string
theory and its symmetries.
Introduction. In physics there are four known fundamen-
tal interactions: strong, weak, electromagnetic and grav-
itational. The first three can be quantised by means of
perturbative quantum field theory approach and these
theories are predictive since a finite number of experi-
ments is sufficient to fix all of the couplings in the action.
On the other hand if one quantises gravity in a similar
way, one gets a theory which requires infinite number of
experiments to specify its predictions. Therefore one has
to find a new way to quantise gravity to make it predic-
tive again.
In order to do so one can either relax (some of the) as-
sumptions of general relativity and/or quantum theory
in order to make it predictive or propose a new quantisa-
tion scheme (non-perturbative one). In the first category
there are for example higher curvature gravity theories
[1–5] or Horˇava-Lifschitz gravity [6]. There are also dis-
crete spacetime approaches such as loop quantum gravity
[7, 8] or causal dynamical triangulations [9, 10]. In string
theory one abandons the whole concept of quantum field
theory, see for example [11, 12] and [13–15].
On the other hand one can accept that gravity indeed
can possess an infinite number of couplings, but the the-
ory is nevertheless predictive as long as the values of (al-
most) all couplings can be calculated theoretically and
they are functions of only finite number of experimental
values. This is for example the case of asymptotic safety
in quantum gravity (ASQG) [16–18], where one requires
that all of the couplings reach a (non)-trivial fixed point
in the UV, which fixes almost all the couplings. Using
the Functional Renormalisation Group (FRG) [19, 20]
techniques such a tentative fixed point was found [21]
(previously conjectured by other considerations [22–26]).
Furthermore this approach gained much attention in the
recent years due to more compelling evidence for the fixed
point [27, 28] and rich phenomenological behaviour, such
as prediction of Higgs mass in Standard Model [29] and in
various extensions [30, 31], prediction of masses of various
quarks [32, 33] and properties of dark matter [34, 35].
Despite these successes, recently the whole programme
was challenged by some issues [36] of fundamental im-
portance, see also [37] and [38]. Namely if one considers
the quantum gravity in the effective field theory (EFT)
approach below Planck scale, then due to lack of cross-
ing and universality properties in the amplitudes [36, 37]
one cannot introduce a single running of the Newtonian
coupling GN (µ) to describe their energy dependence. In
this letter we discuss this problem and propose a possible
cure. The idea is to use a specific amplitude related to
the coupling we are interested in, try to find a formula
valid at all scales, and only then ask a question about the
asymptotic safety. Such an approach requires a reformu-
lation of the Weinberg’s criteria of asymptotic safety. In
what follows we concentrate on the 4-graviton amplitude
which is directly related to the Newtonian coupling. To
have a well defined amplitude for all energies without en-
countering the usual difficulties we have chosen to use
the known form of this amplitude calculated within the
framework of string theory, which is finite also at the
loop level, to show that the concrete definition proposed
in this letter can have an explicit realization and can
solve also other issues posed in [36] (we would like to em-
phasize that we don’t claim that the string theory is the
theory of quantum gravity, but we use it as an illustra-
tion since it is the only framework existing at present to
consistently calculate the graviton amplitudes).
Running of the couplings. In order to understand the crit-
icism expressed in [36] we review the notion of running
couplings in the quantum field theories (QFT). Once the
classical lagrangian (field content and its interactions)
is specified, QFT allows to calculate (via Feynman di-
agrams) the probabilities of different processes. These
amplitudes are encoded in the S-matrix, which is an ar-
ray of probabilities between all the possible free states
(in-states) in far past and all the possible free states
(out-states) in far future. These in/out states are labeled
by the Lorentz invariants, mass and angular momentum.
Tree level values get (infinitely) corrected by loop dia-
grams. To have correct definition of in/out states one
redefines (renormalizes) the splitting of the Hamiltonian
into free and interaction part, such that the free Hamil-
tonian have a quadratic term proportional to physical
mass (the full two point Green functions to have sin-
gle poles [18, 39] at physical mass). Also one redefines
the other couplings by the experimental measurements at
some kinematical point. Then all the infinities are absent
in the amplitudes.
To find the dependence of couplings and masses on ex-
perimental data it is often more convenient to split the
renormalisation procedure into two parts. In the first
2step one regularises the theory to extract the divergent
parts of the diagrams. Then one defines new, renormal-
ized couplings gR in such a way that all of the elements
of S-matrix (and all the Greens functions) are finite. The
renormalized couplings are often split as gR = gB − δg,
where the bare parts gB are independent of regularisa-
tion and all the regularisation dependence goes into the
counterterms. This approach effectively introduces the
new terms in the Lagrangian and appropriate new Feyn-
man rules. In the second step one connects the resulting
theory with observables and ensure that its experimen-
tal predictions are independent of the renormalisation
scheme, regularisation procedure and parameters.
In principle one should write all the possible counter-
terms respecting the symmetries of the theory, however if
a classical Lagrangian has only couplings of non-negative
dimension ∆i ≥ 0, then by power counting arguments
one can show that only the n-point interactions with n ≤
4 can be divergent. In that case the counterterms will
have the same structure as the original terms of bare
lagrangian.
This fact has two further consequences. First, for di-
mensionless couplings (we neglect the masses in our dis-
cussion due to near conformal structure of the Standard
Model [30, 40–45]) the corrections are proportional to the
couplings itself and the sign of the correction will not be
channel dependent (crossing). Furthermore the 4-point
diagrams (interactions with 4 external legs) exhibit the
crossing symmetry, i.e. permutation symmetry in the
Mandelstam variables s, t, u [46] (universality). These
two facts mean that the divergent and finite parts of the
amplitudes can be described by the same, universal be-
haviour [36, 37, 47–49]. The scale dependence of the cou-
pling is given by the renormalisation group equations:
µ
∂gi
∂µ
= βi. (1)
Obviously this change of couplings with scale is not phys-
ical in itself and the coupling has to be tied to observable
quantities at each scale. However the value of the cou-
pling at a given scale is a measure how accurate is the
loop expansion in a given process. The smaller the cou-
pling the better the process is described by the tree-level
diagrams only. Indeed the Standard Model possess only
marginal couplings and relevant Higgs mass and hence
can be quantised using the quantum field theory loop ex-
pansion due to the couplings lying in the perturbative
range.
Quantising General Relativity. On the other hand the
action of General Relativity is given by
S =
1
8πGN
∫
d4x
√−gR, (2)
where the dimension of [R] = 2, then [GN ] = −2. By
the power-counting argument the quantum gravity is the
theory with infinite number of counterterms (if there are
no cancellations as in supergravity [50–52]), however one
cannot make infinite number of experiments to determine
the predictions of the theory. The lack of cancellations
was confirmed by the explicit Feynman diagrams calcu-
lations showing that General Relativity requires coun-
terterms not proportional to R at one-loop level when
coupled to matter[53, 54] (which disappear in the matter
free case by the equations of motions) and at two loops
in the matter free case [55, 56].
Asymptotic safety programme. Therefore gravity treated
as quantum field theory has infinite number of (counter)-
terms in Lagrangian. However this doesn’t necessary
mean that the theory is un-predictive at arbitrary scales.
After all the quantum effective action of φ4 theory also
possesses an infinite number of terms, but the value of all
the couplings can be calculated from two quantities λph
and mph, closely related to observations. Steven Wein-
berg [16, 17] noticed that quantum gravity (QG) could be
predictive if all the irrelevant (∆i < 0) couplings could be
determined in terms of the relevant and marginal ones.
The so called asymptotic safety mechanism could be op-
erative if all the couplings of the theory reached a fixed
point (such that the right hand side of Eq. 1 vanishes)
and then the theory will not diverge when moving with
the scale towards UV [16, 17, 57] and get closer to confor-
mal invariance. If all the couplings of a theory reach zero
at the fixed point then we call the theory asymptotically
free, otherwise when g∗i 6= 0 we call it asymptotically
safe. In particular if the gravity is asymptotically safe,
then the dimensionless G˜N = GNµ
2 should have a fixed
point.
In the early days the running of GN was found in 2-
dimensions and its vicinity [22–25] by means of the 2+ ǫ
dimensional expansion:
β(G˜N ) = ǫG˜N − aG˜2N , (3)
where a > 0 and G˜∗N = ǫ/a. Similar claims were also
made with the 1/N expansion approach [26]. How-
ever only after applying the Wilsonian inspired exact
Wetterich-Morris equation [19, 20, 58], to tackle this
problem the approximate fixed point was found in semi-
nal Reuter article [21] and then explored in various trun-
cations.
Applying this equation to quantum gravity, even
though it is exact, raises many problems of both fun-
damental and technical type, see [28, 36, 38, 59, 60], but
one could hope that even problematic, these issues can
be solved in the future. However, recently in [36, 37] the
whole notion of the running gravitational coupling was
challenged. The argument is the following. The running
coupling is merely a description of a collective behaviour
of amplitudes and should be reflected in them. Since
[GN ] = −2 the corrections to the amplitudes should be
proportional to Gq2, where q2 is one of the Mandelstam
3variables [37, 61]. Since in different reactions q2 can be
positive or negative, then depending on the reaction the
gravitational correction can go into different directions.
Therefore the notion of the universal running cannot be
introduced for the Newtonian coupling in four dimen-
sions.
Running in terms of amplitudes. Renormalisation group
equations are so useful, because they parametrise our ig-
norance on the UV limit in high energy physics. However
let us note that if we had access to the full amplitudes of
the full UV theory (finite, or renormalisable) then the de-
scription of a theory in terms of running couplings would
be redundant. Furthermore in the effective field theory
(EFT) approach at the scale when the new degrees of
freedom come into play one has to match the amplitudes
of the two theories, rather than simply smoothly change
the evolution of the running couplings at Ematch [62]. In
terms of running couplings the smooth transition is there
only in the renormalisation schemes tied to physical am-
plitudes [63]. On the other hand in string theory one can
calculate the low-energy effective action using the the
non-linear sigma model approach [64, 65] but the string
theory amplitudes cannot be reproduced by any QFT ef-
fective action since finiteness of string amplitudes is tied
to the modular invariance that cannot be reproduced by
means of a lagrangian of any conventional QFT.
Hence we propose to identify the “running” with the
change of the amplitude with scale and not of any partic-
ular term in the (effective) QFT lagrangian. One should
note that there may be other symmetries of the am-
plitude (and of the corresponding effective action) like
O(d, d) symmetry in string theory [66, 67] that tie to-
gether many terms in the lagrangian – for example a 4-
graviton amplitude involves many higher curvature terms
that are uniquely fixed by the symmetry [68, 69].
Motivated by the original Weinberg notion of asymp-
totic safety we propose three criteria in terms of UV be-
haviour of amplitudes. First, specifying finite number of
amplitudes is sufficient to derive all of the theory pre-
dictions. Second, all the amplitudes should possess scale
invariant regime for very large energies (near the cutoff)
[70]:
A(p1, p2, . . .) = λ
−dA(λp1, λ2p, . . .), (4)
where d is the dimension of A. In terms of quantum
field theory this corresponds to the massless limit. Third,
we demand the E → +∞ limit to be unambiguous. In
particular for the 4-particle interactions this means that
lim
s→∞,t−fixed
A(s, t, u) = lim
t→∞,s−fixed
A(s, t, u), (5)
which one can call asymptotic crossing symmetry.
In the context of quantum gravity one should require
that the theory has a graviton in its spectrum, that the
four graviton amplitude is not trivial and that there is
crossing symmetry at large energies. The final one is mo-
tivated by the fact that the low energy limit is described
by single coupling GN , which we then match to high en-
ergy physics.
Given these criteria we identify the “running” in quan-
tum gravity with the change of ’scalar’ part (multiplying
the polarization tensors part) of the 4-graviton ampli-
tude in the full theory. The amplitude defined in that
way satisfies both crossing and universality properties by
construction. Finally let us note that in this picture there
is no notion of problematic Wick rotation and unitarity
is guaranteed by the optical theorem. As we discuss be-
low string theory in the gravitational sector satisfies our
criteria.
String theory amplitudes example. Actually the cross-
ing symmetry was the main motivation for the Veneziano
amplitude [71], which gave birth to the string theory [72].
In Type II superstring theory the Virasoro-Shapiro am-
plitude (closed string analog for Veneziano amplitude for
four gravitons) takes the following form [11]
A(p1, p2, p3, p4) = 2g
2
DKclC(s, t, u), (6)
where C(s, t, u) is given by
C(s, t, u) = −π Γ(−s/8)Γ(−t/8)Γ(−u/8)
Γ
(
1 + s
8
)
Γ
(
1 + t
8
)
Γ
(
1 + u
8
) (7)
andKcl is a lengthy kinematic (cross-symmetric) and po-
larization factor polynomial in s, t, u. If we vary s and
keep t fixed, then this amplitudes has infinite number of
simple poles [73] on a real line at s = 8n, with n ≥ 0.
This can be understood as summing over infinite number
of particles with growing masses in the s-channel. The
similar conclusion can be drawn if we keep s fixed and
vary t. This property is called duality. Hence we can-
not take large energy limit (s→∞, s/t fixed) along the
real line so we shift s slightly in the imaginary direction.
Ultimately, the poles are anyway shifted off the real axis
making the s → ∞ limit well defined because massive
states are unstable in the interacting theory, hence their
amplitudes possess non-trivial imaginary part. As a re-
sult we get the exponential fall-off:
C(s, t, u) ∝ exp
(
−1
4
(s log s+ t log t+ u log u)
)
, (8)
satisfying our criteria. Our conditions are also satis-
fied beyond the tree level amplitude, since this behav-
ior is also present for the resumed loop amplitude in
this limit [74–76] (string theory preserves generally the
crossing symmetry at the loop level [77]). On the other
hand in the low-energy limit the Veneziano amplitude
can be matched with tree-level graviton amplitude, since
C(s, t, u) ∼ 1
stu
with κ = 1
2
α′g2 for heterotic strings [11],
where g ≈ 1 and α′ ≈ M2P . Furthermore the second
term in the expansion of the Virasoro-Shapiro amplitude
4has the opposite sign as the first term (in the expan-
sion of the beta function) which is a hint for asymptotic
safety as an intermediate step between classical gravity
and string theory [78] but the issue deserves further in-
vestigation. Furthermore our approach can be comple-
mentary to the recent proposals of redefining the FRG
approach to quantum gravity [79, 80] where the whole
momentum dependence is absorbed by the form factors
for higher curvature terms in the lagrangian, and hence
the crossing symmetry is not manifest there. It would be
interesting to compare these two approaches.
Conclusions. Four lessons can be learnt from our investi-
gation. First, we emphasized the importance of crossing
symmetry in the Weinberg’s asymptotic safety proposal
(with a concrete example of string theory graviton ampli-
tudes). Second, we propose to associate the running with
the amplitudes and not with couplings in the lagrangian
- they have very definite UV-behaviour avoiding the am-
biguities in the running emphasized in [36]. Third, using
the amplitudes picture one can check the effects of quan-
tum gravity interactions on matter and understand the
usual asymptotic safety conditions on the particle prop-
erties in the Standard Model and beyond [29–35, 81, 82]
(one could also check whether this conditions agree or
disagree with the stringy inspired swampland conditions
[83–87]). Finally, our criteria can distinguish different
theories by their UV behavior. For example the ampli-
tudes calculated in [61] lack the crossing symmetry at
one-loop level (maybe in higher loop order this symme-
try will be restored) and hence cannot be matched with
the Virasoro-Shapiro amplitude; on the other hand the
N = 8 supergravity amplitudes have the crossing sym-
metry [61]. Hence we propose that only the EFTs which
possess an approximate crossing symmetry at the UV
scale are consistent with the UV-complete quantum grav-
ity. It would be extremely interesting to check whether
amplitudes calculated in the framework of the proposed
E10 symmetry [88–91] also satisfy the criteria proposed
in this paper.
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